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Launch Vehicle Self-Sustained Oscillation
from Aeroelastic Coupling Part 1: Theory

K. W. Dotson,* R. L. Baker," and B. H. Sako*
The Aerospace Corporation, Los Angeles, California 90009-2957

Self-sustained oscillation of launch vehicles can result during transonic flight if structural responses couple
with alternating flow separation forces at the payload fairing cone—cylinder junction. A new technique for the
prediction of the amplitudes of limit cycles induced by this aeroelastic coupling is presented. As in the classical
approach, aeroelastic theory is used with semiempirical definition of the forces. Emphasis is placed on establishing
the steady-state dynamic behavior of the launch vehicle. A notable feature of the theory is the derivation of simple
analytic expressions for the dynamic amplification factor consistent with coupled aeroelastic forces and launch
vehicle responses. These equations can be readily evaluated for given structural and flowfield parameters and were
validated numerically. The theory also shows that the response of structurally damped launch vehicles undergoing

aeroelastic coupling is always bounded.

Nomenclature
[C*] = system modal damping matrix, 1bf-s/in. and 1bf-s/rad
C, = static pressure coefficient, dimensionless
F = maximum value of force resultant, 1bf
F(g) = alternating flow force, Ibf
{F(t)} = vector of system external forces, 1bf
g = component of function &, dimensionless
[1] = system modal mass matrix (identity matrix), lbm
M = Mach number, dimensionless

n = index in Fourier series, dimensionless

D = static pressure, Ibf/in.?

q(®) = generalized translation for a single system mode, in.

g = generalized translational velocity for a single
system mode, in./s

Q) = generalized translational acceleration for a single
system mode, in./s’

{g(®)} = vector of system generalized translations and
rotations, in. and rad

{g(®)} = vector of system generalized translational and
rotational velocities, in./s and rad/s

{g(®)} = vector of system generalized translational and

rotational accelerations, in./s> and rad/s?
T = period, s

t = time (transient motion), s

u = component of function §, dimensionless

w = effective width of payload fairing (PLF) over which
flow state alternates, in.

X = distance aft of the PLF cone—cylinder junction, in.

z = generalized translation normalized with respect to
its static value, dimensionless

y = ratio of specific heats, dimensionless

AE = normalized energy loss, Ibf-in./in.?

At = time required for flow state change, s

AW = normalized work gain, 1bf-in./in.?

] = displacement parameter, dimensionless

I = structural damping (as a ratio to the critical value) for

a single system mode, dimensionless
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n = aerodynamic stiffness for a single mode, rad?/s?

n = aerodynamic damping for a single mode, rad/s

2 = bending rotation, rad

& = force variation, dimensionless

T = time (steady-state motion), s

¢ = modal value for a single system mode, 1/lbm

[#] = system modes matrix, dimensionless

v = phase difference, deg

® = undamped circular natural frequency of a single
system mode, rad/s

D) = damped circular natural frequency of a single
system mode, rad/s

[@?] = system modal stiffness matrix, 1bf/in. and Ibf/rad

Subscripts

a—d = time points in idealized force representation

af = attached flow

cr = critical

e = excitation, also time point in idealized force
representation

f = final, also physical force application points

fv = free vibration

i = bending mode number

max = maximum

n = PLF nose

)4 = pulse

r = rotation

sf = separated flow

sh = shock

st = static

1 = first force resultant

2 = second force resultant

oo = freestream state

Introduction

WO flow states may exist on a launch vehicle payload fairing

(PLF) during transonic flight. As shown in Fig. 1, the flow
at the cone—cylinder junction (CCJ) may be separated or attached.
Wind-tunnel test data reported in 1963 demonstrated that, for a
given cone—cylinder angle, these flow states can alternate randomly
in narrow regions of Mach number and angle of attack."? Although
it has long been acknowledged that the probability of encountering
many flow alternationsduring transonic flightis small,? it is possible
that the changes in the flow state could tune with the motion of a
launch vehicle. No failures or adverse load conditions have been
documented for alternating flow separation at the PLF CCJ, but the
loss of the Atlas mission with the Able IV spacecraftin the early
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Fig. 1 Flow states at PLF CCJ during transonic flight.

1960s was attributed to aeroelastic coupling caused, analogously,
by flow separation at the PLF boat tail.*

In 1967 an aeroelastic theory was developed for assessment of
theoreticalcouplingof alternating flow separationforces with struc-
tural bending modes.®> This classical approach is semiempirical in
the sense that wind-tunnel test data were used to define the magni-
tudesof the alternating flow separationforces,and the force variation
itself was idealized. More recently, an approach was developed that
employs a dynamic representation of the structure coupled with
computational fluid dynamics (CFD) to define the nonlinear un-
steady aerodynamic pressures.® Provided that the flow solver code
accurately models the complex transonic regime,’ this technique
is more rigorous than the classical theory, but at the cost of being
computationally intensive.

A new aeroelastic technique s presented in this work. The initial
assumptions are identical to those that were introduced in Ref. 5
and have been used historically in implementation of the classi-
cal theory? The development differs, however, in the treatment of
the alternating flow separation forces in the equations of motion.
An assessment of self-sustainedoscillationsinduced by aeroelastic
coupling is conducted that concludes with the direct prediction of
the steady-state amplitude rather than a prima facie limiting value

defined ostensibly by stability considerations®

Transonic Airloads Predictions
Airloads Analysis Methodology
The modal equations of motion for the system during transonic
flight are defined by

UG®} +[C* gD} + [’ 1lgOY} = [BIHF®} (D

The vector {F(#)} theoretically accounts for all of the external
forces. In practice, however, Eq. (1) is broken up into constituent
airloads events, which are analyzed separately and are treated
statistically’ The dynamic components of the airloads consist of
those induced by buffeting, gust, control system parameters, and
maneuvering” Mean and dispersed values for each of the dynamic
componentsare predicted,and total loads are computed on the day of
launch using a loads combination equation.'” Along with the liftoff
event, maximum airloading induces the most important loads for
the design of an expendable launch vehicle’ As an airloads event,
aeroelastic coupling can therefore increase the total launch vehicle
loads that the structure must withstand.

Aeroelastic Coupling Analysis Limitations

The launch vehicle control system reacts to the vehicle motion in-
duced by external forces and steers it to maintain a trim condition.!!
Because the control forces lag in time the aeroelastic forces,'! a
thorough treatment of the aeroelastic coupling phenomenon should

includean active control system. Neither the classical theory nor the
CFD approachmodels the launch vehicle control system or even ac-
knowledges this interaction >

The importance of other transonic events on aeroelastic coupling
has also not been assessed. An analysis including flight winds may
reveal thatlaunch vehiclemaneuvershinderthe developmentof self-
sustained oscillations from aeroelastic coupling. For instance, an
analogous study conducted for the Titan IV launch vehicle showed
that limit cycles induced by control system parameters cannot de-
velop during launch vehicle steering.'?

A comprehensive treatment of this complex phenomenon is be-
yond the state of the art. The objective of the present theory is
to provide a phenomenological model from which key parameters
may be identified and estimates of launch vehicle responses and
loads can be readily obtained. It is believed that the complications
mentionedearlier cannotbe assessed without first developinga thor-
ough understandingof the fundamental force-responserelationship
that characterizeslaunch vehicle aeroelastic coupling. Extension of
the theory to include control-structureinteraction and the effects of
other transonic events is an important topic for future study.

Aeroelastic Theory
Aerodynamic Flowfield Definition
The current problem is driven by forces on the PLF that undergo
essentially step changes in magnitude each time the flow alternates
from attached to separated or vice versa at the CCJ. A thorough
development of the time histories of these forces and a description
of the coupling to the vehicle response are given later. The infor-
mation needed to define the forces acting on the PLF is given by
the longitudinal profiles of the pressure coefficient for the separated
and attached flow states. The pressure coefficient C,, and the local
static pressure p are related by
P — P
AR TEr @

Curves of the pressure coefficient corresponding to separated and
attached flows for the Titan IV launch vehicle are shown in Fig. 2
for a zero angle of attack and a freestream Mach number of 0.8. The
pressure profiles change somewhat as a function of the freestream
Mach number, and aeroelastic couplingis generally evaluatedin the
classical theory for more than one time pointin the transonicregime.

The profile for attached flow C ), .s was obtained from wind-tunnel
test data for the Titan vehicle." The profile for separated flow C,
was obtained from Ref. 2; the separated flow condition was not
observed in the Titan wind-tunnel tests. The C, i data plotted cor-
respond to a 20-deg cone angle, which representsthe average of the
two angles (25 and 15 deg) for the Titan IV PLF biconic forecone.
The average angle for a biconic configuration was also selected in
Ref. 5 in the analysis of the Saturn booster. Static pressure measure-
ments obtained from flight data for the Titan IV indicate reasonably
good agreement with both the separated flow and the attached flow
wind-tunnel data in Fig. 2.
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Fig. 2 Pressure coefficient profiles for Titan IV with a zero angle of
attack and a freestream Mach number of 0.8.
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In the implementation of the classical theory} the continuous
force corresponding to the change from attached to separated flow
at the CCJ is expressed as two resultants, as shown in Fig. 2. Two
forces obviouslyprovide a better discrete representationfor analysis
than a single resultant,but the decompositionof the continuousforce
into exactly two componentsis arbitrary. Using Eq. (2), these forces
and their locations on the PLF are defined by

,y Xsh
Fl = EMioPooW/ (Cp.sf - Cp.uf) dx (3)
0
y xf
FZ = EMgoPooW / (Cp.uf - Cp.sf) dx (4)
Xsh
Xsh
(Cpst — Cpap)x dx
X = fom pe ne 5)
j;J (Cp.sf - Cp.uf) dx
xf
- (C vaf = Cc .sf)-x dx
1y = Joa Gt = Cr 8 ©)

f\t}j (Cp.uf - Cp.sf) dx

The length xy, defines the distance from the CCJ to the terminal
shock location for the attached flow. For purposes of calculating the
resultants, the location of x, is taken as the point where the C, .
and the C), ; profiles cross one another. The forces F; and F, equal
1500 and 5900 Ibf, respectively, for the curves shown in Fig. 2 and
the Titan IV aerodynamic parameters.

Aeroelastic Coupling Formulations

The two force resultants are assumed in the implementation of
the classical theory to couple with vehicle motion in a single bend-
ing mode.® The single mode representationis then used to analyze
aeroelastic coupling for each of the lower bending modes indepen-
dently. Extracting from the full set the modal equation that best
represents the ith system bending mode yields

G; () + 2 w4; (1) + wl_qu_ ®) = ¢, 1 F1(q) + &2 F(q) (D

in which the modal values ¢;,; and ¢;,, correspond to translational
degrees of freedom (DOFs) in the plane of the force application.
In the classical theory, Eq. (7) is effectively rewritten as

G0 + Qo; + 140 + (0] +1)g; () =0 @)

in which the two force resultants have been converted into aerody-
namic stiffness and damping terms. Depending on the magnitudes
and signs of the force resultants, the acrodynamic damping term can
be positive or negative. So-called undamping corresponds to nega-
tive values of 7;. The classical theory assumes that arbitrary values
of undamping may exist such that the total damping (represented
by the sum preceding the generalized velocity) may be greater or
less than zero. A so-called stability criterion is then established by
setting the total damping equal to zero.® The result is a limit cycle
amplitude perceived to represent the threshold at which the system
response becomes unbounded. However, it is shown herein that the
semiempirical force definition always yields a bounded limit cy-
cle, such that a stability criterion for divergence does not exist. This
conclusionis reached by leaving the generalizedforces on the right-
hand side of Eq. (7) and by finding a solution based on the definition
of the coupled force and response.

Self-Sustained Oscillations
Equation for Periodic Motion
The two force resultants are merely a discrete representation of
the continuous force at the PLF CCJ during the changesin flow state
and have the same variation in time. Equation (7) can, therefore, be
expressed as

GO + 2L wq (1) + ?q(1) = (B Fy + ¢ F)EQ) C))

in which the subscript i has been dropped for convenience. The
special case in which the response has converged after transient

aeroelastic coupling to a limit cycle is considered next. In this con-
dition, the launch vehicle oscillations are self-sustaining; that is,
they repeat unless the forces cease. Because of the periodicity, it
is necessary to consider only one cycle of the coupled force and
response, and Eq. (9) can be written as

§() +200q(2) + &’ q (@) = (@ Fi + $2 F2)E@)
0=t=<T, (10
The maximum static value of the generalized responseis defined by
Gu = |$1F + §o P (11
Normalizing Eq. (10) with respect to this value yields

(D) + 2t wi(r) + 0’2(x) = 0’6(2), 0<t=<T (12)
The dynamic amplification factor (AF) for the steady-state motion
is simply given by

AF = [Zma (13)

Finally, the limit cycle amplitude, expressed as the bending rotation
at the tip of the PLF nose, is defined as

gmax = AF|¢)'.n|qst (14)

If Eq. (13) does not admit a solution, the system is not periodic and
either tends to rest or becomes unbounded. It is shown herein that
the latter does not occur.

Force Variation for Aeroelastic Coupling

A schematic of one cycle of the idealized coupled force and re-
sponse is shown in Fig. 3. It is assumed that the forcing function is
dominated by the flow state, i.e., whether the flow is separated or at-
tached. It is further assumed that the rate of deflection is sufficiently
slow such that the flow is quasisteady except during the transition
between flow states. Changes in the flow state occur when the de-
flection angle equals a critical value.

Referring to Fig. 3, the coupling can be described as follows:

1) The deflection of the PLF nose reaches the critical angle, (v =
t,).

2) The flow state changesduringa time interval At, (1, < © < t,).

3) The flow remains in the new state until the PLF nose returns
to the critical value, (t, < 7 < t.).

4) The flow reverts to its nominal state after a time interval At,
(. <t <19

5) The flow remains in the nominal state while the PLF continues
to deflect, (t; < T < t,).

6) The deflection of the PLF nose reaches the critical angle in the
opposite direction, (t = t,).

7) The process continues.

InFig. 3, theresponseoscillatesaboutzero, and flow state changes
occur on both sides of the PLF. In principle, the launch vehicle

7 4
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&(z) 0, (1)

T
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I |

Fig. 3 Schematic of one cycle of steady-state coupled force and re-
sponse.
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can also experience a quasisteady angle of attack during aeroelastic
couplingsuch that the changesin flow state occur only on one side of
the PLF. However, launch vehicles generally use a steering program
that minimizes the angle of attack and have an onboard control
system that maneuvers the vehicle into the sensed wind.>!! As a
result, the angle of attack is, in practice, generally quite small. For
this reason, two-sided flow state changes are addressedin this work.
Note, however, that PLF nose cone angles less than 20 deg or greater
than 25 deg may preclude flow alternations at or near zero angle of
attack.> For launch vehicles in these categories, one-sided changes
occurringat a quasisteadyangle of attack representthe only possible
scenariofor aeroelasticcoupling. The approachdescribed herein can
also be extended to this less common problem.

Steady-State Amplification Factor

In this section analytic expressions for AF are derived assuming
the function(z) has a linear variationduring the time lag At. These
equationswere validatednumerically,and comparisonsof the results
are provided. It is also proved that the response and force must be
out of phase, as shown in Fig. 3, for aeroelastic coupling to occur.
The analytic expressions and the numerical simulation demonstrate
that the ratio of the period of the excitation to that of the bending
mode, 7,/T;, must be less than unity for this condition to prevail.
All of the equations for the dynamic amplification factor that follow
correspondto 7,/ T; < 1.

Procedure

Equation (12) is weakly nonlinear because the force term on the
right-handside is a function of the displacementz and is not known
a priori as a function of time. A trial function for the nonlinear
response is defined herein as a slightly shifted version of the un-
damped linear solution for a single-DOF (SDOF) system subjected
to the force variation. The excitationperiodis treated as an adjustable
parameter defined by energy principles once the trial function has
been established. The approach is fundamentally similar to tech-
niques such as collocation, Galerkin’s method, and the method of
least squares.'*

The trial function is defined by formally solving the differen-
tial equation over the piecewise linear segments of the force vari-
ation and by satisfying the appropriate periodicity condition. This
technique for obtaining closed-form expressions for the periodic
response of SDOF systems subjected to nonharmonic forces was
developed in Ref. 15. Inspection of Fig. 3 reveals that there are 9
piecewise linear segments over the excitation period and, conse-
quently, 18 unknown constants in the linear solution. (The antisym-
metry of the force variationcould be used to reduce to 10 the number
of unknowns."”) Continuity of displacementand velocity at the seg-
ment interfaces defines 16 of these constants. The remaining two
conditions come from the periodicity requirement, namely, that the
response must be identical at the beginningand end of the excitation
period.

The undamped solution is used because bending modes typically
have ¢ < 3%, and such low values of structural damping have a
negligible effect on the amplitude and phase of the steady-state
response of systems with 7,/T; < 1 (Ref. 15). For instance, Fig. 4
shows the amplification factor for 7, = 7, /2 and T, > At, referred
to herein as alternating step excitation. The undamped solution is
in excellent agreement with the damped response for all values of
T,/ T; not very close to resonance. It will be shown that, although
structural damping does not significantly affect the shape and phase
of the trial function, it is a critical parameter in the definition of the
excitation period.

The undamped response is antisymmetric (with zero crossings at
t =0, T,/2, and T,) and does not satisfy the requirement that the
bending rotation equal the critical value at each of the time points
shown as circles in Fig. 3. Simply shifting the linear solution in the
direction of the origin by the amount A¢/2 makes it admissible as
a trial function for the nonlinear system. The phase difference (in
degrees) between the force and response is, therefore, given by

¥ =180(1 — At/T,) (15)

NN
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Fig. 4 Effects of damping on steady-state amplification factor for al-
ternating step excitation.

Analytic Expressions

The trial functionhas one maximum (or minimum) at the midpoint
of each half-cycle. The displacementat these time points yields the
following analytic expression for the dynamic amplification factor:

AF =

[sin{fwAt)/wAt] cos(wt,) — {[1 — cos(wAt)]/wAt}sin{wt,) _
cos(wT,/4)

1
(16)

Equation (16) is valid for all nonnegative values of Ly 1, and At
that satisfy the relationship

T,/2 =1, + 21, +2At (17)

For aeroelastic coupling, the period of the excitation is on the
order of the period of the bending mode, whereas At reflects the
time for flow changes and is much smaller in duration. The analytic
expression for the amplification factor can, therefore, generally be
approximated by

po S0 (18)
cos(wT,/4)

The result of Eq. (18) is greater than that of Eq. (16). The time point
t, is a measure of the dead zone in the force variation. Rewriting
Eq. (18) in terms of the force pulse width yields

cos[w(T, /4 —t,/2)] _
cos(wT,/4)

AF =

1 (19)

The maximum value of AF correspondsto alternatingstep excitation
and is given by

AF = sec(wT,/4) — 1 (20)
Effect of Critical Rotation

The normalized bending displacementconsistentwith the critical
PLF nose rotation is defined by

_ ch
| ¢r. n | qst

The constraintthat the trial functionequals z, at the initiation points
for the force changes yields

2z + D cos(wT,/4) = (wA) sin(wT,/4 — 2wt,)

2D

Zer

+cos(wT, /4 — 2wt,) + 0(AL?) (22)

Equation (22) shows that the dead zone in the force variation disap-
pears, i.e., , = 0, when

Zer = (WAL /2) tan(wT,/4) (23)
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Fig. 5 Admissible force pulse widths for stable limit cycle.
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Fig. 6 Effect of pulse width on steady-state amplification factor ({ =
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For T, 3> At, Eq. (22) yields the force pulse widths
1,/ T, =+ £ (1/0T,) cos ' [(2z, + 1) cos(wT, /4)] (24)

Equation (24) is illustratedin Fig. 5. Two unique force pulse widths
existfor any combinationof 7,/ T; and z.,. The larger of these values
defines the force variation for the stable limit cycle, whereas the
smaller corresponds to the threshold at which responses tend either
to rest or to the stable limit cycle. Figure 5 also shows that there is
a value of z, above which the analytic expression does not admit a
solution for a specified value of 7,/ T;; if the forces are too small or
if the critical nose angle for alternating flow is too large, the system
tends to rest rather than to a limit cycle. Using Eq. (24), it can be
shown that self-sustained oscillations exist only for

- sec(wT,/4) — 1

a = 25
zZ > (25)

The effect of the force pulse width on the amplification factor for
stable limit cycles is shown in Fig. 6. The data used to construct
these curves were defined numerically, and damping was assumed
to equal 1%. The width of the force pulse, and hence the value of
Ze, does not have a dramatic effect on the amplification factor. The
plotted datafor the damped response are in excellentagreement with
Eq. (19) for values of 7,/ T; not very close to the resonant peak; the
differences increase to 5% at 7,/ T; = 0.97. This further validates
the use of an undamped trial function if the period of the excitation
is not extremely close to that of the bending mode.

Free-Vibration Amplification Factor
The time during which the launch vehicle flies through the tran-
sonic region is, of course, of finite duration. The flow at the PLF
CClJ, therefore, ultimately ceases to alternate, and in the absence of

other external forces, the launch vehicle undergoes free vibration.
By definition, the alternations may cease in one of only two states:
with the force presentand constantor at a half or full cycle with zero
force. In the former, the free vibrationis bounded by the limit cycle
amplitude, but in the latter the first maximum during free vibration
exceedsthe steady-stateresponse. A derivationof the corresponding
amplification factor follows.

At the end of a half or full cycle of excitation, the displacement
equals zero. Using the velocity at this time pointas an initial condi-
tion yields the following expression for the damped free-vibration
response:

(1) = :I:{ [%} |:tan (wTTE> cos(wt,) — sin(wta)i|
—|:1_Z)O—Z(:)At)i| |:tan (wTTe> sin(wt,) + Cos(wta)i| }

x et |:—w siri(E)t) :| (26)

w

in which the origin of time ¢ coincides with free vibration. The
largest response, of course, occurs in the first half-cycle of free
vibration, and ignoring higher-order damping terms, the dynamic
amplification factor is defined by

AF;, = { [%} |:tan (wTﬂ,> cos(wt,) — sin(wta)i|
_[FZ)O—Z(:')AO} |:tan (wTTE> sin(wt,) + cos(wta)i| }

g
X _ 27)
exp( > _1 _{2)

Equation (27) can generally be approximated by

AF;, = |:tan (w_ﬂ,) cos(wt,) — sin(wt )i| ex _rr—g'
fv 4 a a P zm

(28)

Rewriting Eq. (28) as an explicit function of the force pulse width
yields

o))
—sin [w(% - %”)} } exp (_2\/]11—{——52) (29)

The maximum amplification factor for free vibration corresponds
to alternating step forced excitation and is given by

AFy, =t (wa> i (30)
y=tan| — Jexp | ——
' 4 P 2,/1=2¢2

Using Egs. (19) and (29), one can show that

cos(wt, /4)

AF, T )} an
AF | sin[o(T,/4 —t,/H)] P 2/1—=2¢2

The first bracketedterm is plotted in Fig. 7. The difference between
the steady-state and free-vibration amplification factors is greatest
when 7,/ T; is not large and diminishes as resonance is approached.
The adjustable parameter 7, must be defined before the analytic
expressions can be evaluated. This derivation and numerical inves-
tigations of aeroelastic coupling are provided in the next section.
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Fig. 7 Effect of free vibration on amplification factor.

Numerical Simulation

Procedure

The analytic expressions correspond to steady-state motion and a
linear force variationduring the time lag A¢. The numerical analysis,
in contrast, includes the transient phase of the response and defines
the ramp as a quarter-cycleof a squared sinusoidin the displacement
domain. The latter feature is introduced to eliminate discontinuities
at the endpoints of the function that could compromise the stability
of the numerical analysis. When the time lag is small with respect
to the period of the excitation, the squared sinusoid yields a force
variation in the time domain that is, for all practical purposes, linear
during the lag. The force variation, therefore, strongly resembles
that shown in Fig. 3. It is initially assumed that the force is out of
phase with the response; however, the importance of this phasing is
investigated.

Figure 8 shows a schematic of the phase plane diagram for one
responsecycle. The top and bottom partsillustratethe force variation
defined by

E=u(@) +g(z,sgnz) (32)
in which
u(@) =1, —Z—Zg > 6 (33a)
u(z) =0, —Zg <2< Ze (33b)
u(@)=-—1, Z—Za > 8 (33¢)
u(z) = sin® [M} 0<-—z—2z4=<4 (33d)
28
u(z) = —sin’ [M} 0<z—2z4<8 (33e)
28
. _ 2 ]T(Z + ZCI')
g(z,sgnz) = cos |:—28
—§ < —z7—24 <94, z>0 (34a)
N 2 JT(Z - Zcr)
g(z, sgnz) = —cos |:—28 i|
-8 <7 —24 <6, z <0 (34b)
g(z,sgnz) =0 for all other values of z (34¢)

and 0 < & < z.. A computer program of the Duhamel integral
method for piecewise linear forces'® was used to evaluate Eq. (12),
which is now valid for all time, given initial values of displacement
and velocity. Convergence of the solution was verified by reducing
the integration time step. The value of § was chosen such that the
steady-state force variation exhibited the desired time lag At.

z>0
Xi=¢ At =p= -
=sl6k= 3 A w—=\ -
Z
! j »
Zer Zer
z<0
\< fé {56 = z
=6 = g%"\__ g

Fig. 8 Schematic of force variation and phase plane diagram for stable
limit cycle.

Energy Relationships

In the absence of the function g, structural damping causes the
system to spiral to a state of rest in the phase plane. Systems un-
dergoing aeroelastic coupling attain a limit cycle because the work
conducted by the function g offsets the energy loss due to damping.
In one cycle, the latter is defined by

2(Te) T,
AE = / 2wz dz = 250)/ 72 dr (35)
2(0) 0

The work conducted by the function g in the top part of Fig. 8 is
positive because this force and the change in the response are both
positive. Similarly, the function g in the bottom part of Fig. 8 pro-
duces positive work because the change in the response is negative
during application of this negative force. The total work conducted
during one cycle is, therefore, positive and defined by

Zer+8
AW = @? cos? M dz
=8 28

Zer

—Zer + 8
: 7z + 2o
+w2/ cos’ [%} dz = 20°8 (36)

Zer— 8

Equating the energy loss over one cycle with the work gain yields

Te wd
/ 2dr = v (37)
0

The numerical simulation verifies exactly the preceding identity for
the limit cycle state. For T, > At, the displacement parameter can
be approximated by

8 =z At (38)

Substituting Eq. (38) into Eq. (37) yields

Te
‘, , wAt
/ Zz dr = Lol =0 (39)
0 e
Excitation Period

Equation (39) was evaluated using the trial function. The follow-
ing characteristic equation is the result for z,, = 0:

(T./T)esc(wT,/2) — 1/m = At/LT, (40)

The relationship for nonzero values of z, is more complicated but
yields values of T,/7; that are, for all practical purposes, identical
to those from Eq. (40). The excitation period, in other words, is a
very weak function of the critical nose angle. The roots 7, /7; are
illustrated in Fig. 9 with respect to the ratio of the known variables
At/¢T;. Increasing the time lag or the frequency of the bending
mode pushes the system closer to a resonant condition. Decreasing
structural damping has the same effect. It can be concluded from
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Fig. 9 Normalized period of stable limit cycle.
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Fig. 10 Amplification factor as a direct function of system variables.

Fig. 9 that the analytic expressions developed in the preceding sec-
tions are useful for values of At/{T; up to at least 5.

Fourier analysis has traditionally been used to analyze SDOF
systems subjected to periodic, nonharmonic excitation.!® The trial
function derived herein is a closed-form expression of the result of
Fourier analysis when all of the terms in the series are retained.! In
some situations, a single term provides a reasonable approximation
for the nonharmonic response.”® In other words, the system may
respond as if the force were harmonic with the amplitude of the
term selected. Provided 7, > At, the Fourier series expansion of
the force variation is defined by

£(r) =

—i X.o: l 1 ﬂ : nntp . 2nmt (41)
T n=1,3,5... n o 2 o TE o Te

Substituting into Eq. (39) the response of a SDOF system subjected
to the first term in this series (with 7,/ T, = 0.5) yields

T,/)T, = (1 +4¢ JwAn)~? (42)

This harmonic approximationis comparedin Fig. 9 with the solution
from the nonharmonic trial function. The agreement is reasonable,
particularly for the higher values of At/¢T;.

Amplification Factor as Direct Function of System Variables

The roots of Eq. (40) for given values of the salient ratio At /¢ T;
were substituted into Eq. (24) to obtain the force pulse widths cor-
responding to a specified critical deflection z.,. These consistent
values of T,/ T; and t,/ T, were then substitutedinto Eq. (19) to ob-
tain the curves plotted in Fig. 10. Note that the amplification factors
for nonzero values of z., are bounded by the curve for zero critical

deflection and begin at an initial value of At/¢T; for self-sustained
oscillation. The approximation

N sin” [z (¢ T,/ AD)]
AF = 2<ﬁ> cos {—2 (43)

is also plotted in Fig. 10 and was derived by substitutinga harmonic
function with flow state changesat z, into Eq. (39). For zero critical
deflection, Eq. (43) reduces to

AF = 2(A1/¢T) (44)

Equation (44) underpredicts the corresponding nonharmonic solu-
tion by as much as 15% but concisely illustrates the relative impor-
tance of the time lag, structural damping, and period of the bending
mode.

It canbe concluded from Fig. 10 thatthe assumed force-response
relationship leads to a bounded limit cycle unless the structural
damping precisely equals zero, an unrealistic condition. The sys-
tem response, in other words, cannot diverge. Why then does the
classical theory claim thatthe response may increase with time with-
outlimit?® The classical theory defines the stability criterion as the
amplitude of the limit cycle oscillation for which the total system
damping equals zero [see Eq. (8)] and then concludesthat for ampli-
tudes smaller than this value the total damping is negative, yielding
a divergent system response. But it was shown herein that, given
the salient ratio At/{T;, only one response amplitude is admissi-
ble. Arbitrarily decreasing this amplitude to render the total system
damping negative is, therefore, inappropriate.

The classical theory uses, without qualification, an undamped
harmonic response for the solution of Eq. (8). Indeed, it can be
shown that the so-called stability criterion has exactly the form of
Eq. (44) when a time lag is explicitly defined.!” Note, however, that
Ref. 5 argues that the launch vehicle response only couples with
flow alternations on one side of the PLF and assumes that the force
changesinstantaneouslyafter the time lag rather than ramps linearly
as shown in Fig. 3. It can be shown that the net work done by the
classical (one-sided and instantaneous) force variation is identical
to that derived for the present (two-sided and ramped) theory if the
time lag is numerically equal to the flow transition time At. Further
comparisons of these two approaches are provided in Ref. 17.

Comparison with Analytic Expressions
A phase plane diagram from a numerical simulation is shown
in Fig. 11. For this example, the system frequency and structural

4 0 T 17 | IR T 1T T 7T 1 1T ‘ T 17T | T T 1 7T

L. Inner Stable 4

N Contour Limit Cycle |

20 ]

we 0 I

-20 — ]
_40 | I | | I T l | I | | I T | R I N | ‘ | I |

-3 -2 -1 0 1 2 3

Z

Fig. 11 Numerical simulation phase plane diagram with force and re-
sponse out of phase (f =2 Hz, { =2%,z¢ = 1, and A¢ = 10 ms).
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Table1 Comparison of simulation and analytic results

Simulation Analytic expressions
Property result Result Approximation Eq.
T,/T; 0.79 0.79 — (40)
_ 0.78 Harmonic (42)
¥, deg 175 175 — (15)
t,/ T, 0.09 0.09 — (22)
ty/ T, 0.27 0.27 — a7
—_ 0.30 At/T, =0 (24)
AF 1.7 1.7 (16)
—_ 1.7 At/T, =0 (19)
—_ 2.1 tp/Te = 0.5 (20)
_ 1.4 Harmonic (43)
AFy, 2.0 2.0 — @7
—_ 2.0 At/T, =0 (29)
—_ 2.8 tp/Te = 0.5 (30)
R O AT R B
r E(z) Steady —> Free ]
State Vibration |

I A
! / \

L B e e L
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Fig. 12 Numerical simulation time histories with force and response
out of phase (f =2 Hz, { =2%, zr = 1, and A¢ =10 ms).

damping were taken as 2 Hz and 2%, respectively, and the time lag
was assumed to equal 10 ms. The salient ratio Ar/¢T;, therefore,
equaled unity. A unit value of z., was also assumed. The displace-
ment parameter § = 0.23 yielded the desired time lag.

The phase plane diagram has a stable singular point, represented
by the rest condition, and a stable limit cycle. An inner contour also
exists such that initial conditions lying inside its periphery yield
responses that tend to rest, whereas those outside yield responses
that tend to the stable limit cycle. The force variation at the inner
contour differs somewhat from the analytic variation because of
the constraints on Egs. (33) and (34). This polycyclic configuration
is common for self-sustained oscillation, and because the initial
conditions must exceed a specific value to induce a limit cycle,
aeroelastic coupling can be classified as hard self-excitation.®

Figure 12 shows time histories corresponding to the limit cycle
in Fig. 11. Free vibration was induced by stopping the coupling re-
lationship at the end of a full cycle. Properties of the response are
compared in Table 1 with those predicted by the analytic expres-
sions. The simulation phase difference ¥ was computed using a
cross-correlationfunction. The comparison attests that the analytic
expressionsare in agreement with the simulationresults and that the
ramp in the force variation has a negligible effect on the dynamic
amplification factor.

Phasing of Force and Response

The preceding derivation based on energy principles was pred-
icated on the response being out of phase with the force. For the
case in which the force and response are in phase, the signs of the
functionsu and g in Fig. 8 are reversed. The work conducted by the
function g during each cycle of the response, therefore, is negative
when the force is in phase with the response. Rather than balancing
the energy loss due to damping, the flow state changes increase the
energy dissipation during each cycle. Figure 13 shows simulation
time histories for this scenario with the system inputs from the out-
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Fig. 13 Numerical simulation time histories with force and response
in phase (f =2 Hz, { =2%, 7. =1, and At =10 ms).

of-phase example. The response fails to exceed %z, after just two
cycles, and the system tends to rest.

It is a longstanding conclusion that the alternating flow separa-
tion forces must be out of phase with the launch vehicleresponse for
limit cycles to occur.'® The present theory has explained the energy
transfer caused by the time lag and demonstrated this requirement.
The importance of the phasing between the force and response is
not unique to aeroelastic coupling and can be generalized for prob-
lems in which there is a transfer of energy between a fluid and any
oscillating body.?

Conclusions

Analytic expressions for the limit cycle state and for the free
vibration that occurs when the coupling ceases can be derived with-
out converting the alternating flow separation forces into aeroelas-
tic stiffness and damping terms. Numerical simulations validate the
accuracy of these equations. The system response is always finite
for the assumed force-response relationship, which means that a
stability criterion does not exist for launch vehicle aeroelastic cou-
pling. The phasing between the force and response required for
self-sustained oscillations can be explained in terms of the work
conducted during the flow state changes.
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